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We know that the Taylor series for In(z + 1) is at =0
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and that this series converges (very slowly, but most assuredly) to In(2) when = = 1. So,
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Now, let’s rewrite the positive terms in the series for In(2) in the following way,
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In Equation (2) we have rewritten every positive term % we write as [% — %] We haven’t changed

the order in which the operations have been done, we have simply rewritten each positive term in
an equivalent form. Just why we did this remains to be seen, but we still have a series whose sum
is In(2).

Now, divide both sides of Equation (2) by 2. The result is
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Removing the parentheses, we have

Now, hold onto your seat. Compare the terms of the series in Equation (3) to those of the series
in Equation (1). Are there any terms in one series that are not also in the other? What you will
notice is that the two series have exactly the same terms. The only difference is in the order in
which they are added. Yet one adds to In2 and the other to % In 2! If you find this hard to believe,
write a short computer program to sum the two series. Both series converge very slowly, but it
should be clear that they do not converge to the same values. The associative property of addition
is not necessarily valid for infinite sums!

In the regrouping above, we took one positive term and two negative terms from the original
series and repeated the process. What would the sum be if we took two positive terms and one

negative term,
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or three positives and two negatives,
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We can derive the value of the sum of a rearrangement of the alternating harmonic series if the
rearrangement is consistent, n positive terms then m negative terms. To do this, we need three
pieces of information.

e First, we can write the first 2NV terms of the harmonic series, Hoy, in terms of the odd and
even terms. That is, Hoy = On + Ey.
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e Second, we need to recognize that Fy = %HN, since By = 25:1 ﬁ and Hy = E —
n

n=1
e Third, the difference in the sum of the first N terms of the harmonic series and In N converges
to some constant. This constant is called Euler’s number and is often symbolized by ~.
This is simply comparing the value of the Riemann summation to the area under the curve.

Most of the error is generated in the first 10 terms. To see this, use software to evaluate
N

Z —In N ~ 0.577 for N = 10, 100, 1000, and 1, 000, 000.

n=1

Using these three pieces of information, we can determine the value to which adding n positive
terms and m negative terms of the alternating harmonic converges. We need to cleverly add zero
twice.

k—o0

We are grouping the positives (odds) and negatives (evens) in k groups of n and m, respectively.
Rewrite the partial sum of S as

1 1
using the first two ideas above. Now, compare each of the three harmonic series in the expression
above the value the associated logarithm by adding zero in the form of In(2kn) —In(2kn)+ 1 In(kn) —
tIn(kn) + 1 In(km) — 5 In(km).

Sk = (Hopn — In(2kn)) — % (Hipn — In(kn)) — % (i, — In(km)) + In(2kn) — %ln(k‘n) - %ln(k‘m)

Now, take the limit as k — oc.
As k — 00, (Hogn — In(2kn)) — v, (Hgn — In(kn)) — v, and (Hy,, — In(km)) — 7, so we have
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But this last limit simplifies to
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This formula gives the value S = 11In(2) when n =1 and m = 2. The sum is 2 In(2) when n = 2
and m = 1, and the sum simplifies to ¢ In(6) when n = 3 and m = 2. Notice that the value of S is
zero if n =1 and m = 4.

So when can we rearrange the terms in an series? It turns out that, if a series is only conditionally
convergent as is the series for In(2), we cannot arbitrarily rearrange the terms without possibly
altering the value of the series. For series that are absolutely convergent, altering the order of the
terms does not affect the sum.



